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Following an idea by Joyner et al. [Europhys. Lett. 107, 50004 (2014)] a microwave graph with
an antiunitary symmetry T obeying T 2 = −1 is realized. The Kramers doublets expected for
such systems are clearly identified and can be lifted by a perturbation which breaks the antiunitary
symmetry. The observed spectral level spacings distribution of the Kramers doublets is in agreement
with the predictions from the Gaussian symplectic ensemble expected for chaotic systems with such
a symmetry.
PACS numbers: 05.45.Mt
Random matrix theory has proven to be an extremely
powerful tool to describe the spectra of chaotic systems
[1–4]. For systems with time-reversal symmetry (TRS)
and no half-integer spin in particular, there is an abun-
dant number of theoretical, numerical, and experimental
studies showing that the universal spectral properties are
perfectly well reproduced by the corresponding proper-
ties of the Gaussian orthogonal random matrix ensemble
(GOE) (see Ref. 5 for a review). This is the essence of
the famous conjecture by Bohigas, Giannoni and Schmit
[3], which has received strong theoretical support; see,
e.g., Refs. 6–8. For systems with TRS and half-integer
spin and systems with no TRS the Gaussian symplec-
tic ensemble (GSE) and the Gaussian unitary ensemble
(GUE), respectively, hold instead. There are three stud-
ies of the spectra of systems with broken TRS showing
GUE statistics [9–11], all of them applying microwave
techniques. For the GSE there is no experimental re-
alization at all up to now. Only by using that a GSE
spectrum is obtained by taking only every second level
of a GOE spectrum [1], GSE statistics has been experi-
mentally observed in a microwave hyperbola billiard [12].
In fact, GUE statistics may be observed even in sys-
tems without broken TRS if there is a suitable geomet-
rical symmetry. One example is the billiard with three-
fold rotational symmetry [13] with microwave realizations
[14, 15]. Another example is the constant width billiard
[16], again with an experimental realization [17].
On the other hand, GOE statistics may be obtained
in billiards with a magnetic field if there is an additional
reflection symmetry [18]. This is because there exists an
antiunitary symmetry that combines time reversal with
reflection. To be able to observe GSE statistics in a sys-
tem without spin requires a similar nonconventional sym-
metry. What is needed according to Dyson’s threefold
way [19] is an antiunitary symmetry T with the property
that T 2 = −1. This is sufficient to guarantee GSE statis-
tics if the system is chaotic [20]. In addition, it leads
to Kramer’s degeneracy; i. e., the application of T to an
energy eigenfunction yields an orthogonal eigenfunction
with equal energy. A system with such a symmetry was
recently found in the form of a quantum graph [21].
Quantum graphs were introduced by Kottos and Smi-
lansky [22] to study various aspects of quantum chaos.
The wave function on a quantum graph satisfies a one-
dimensional Schro¨dinger equation on each of the bonds
with suitable matching conditions (implying current con-
servation) at the vertices. Just as for quantum billiards,
there is a one-to-one mapping onto the corresponding mi-
crowave graph. This analogy has been used in a number
of experiments including one on graphs with and without
broken TRS [11, 23, 24].
To realize graphs with GSE symmetry the graph shown
in Fig. 1(top) was proposed in Ref. [21]. It contains two
geometrically identical subgraphs but with phase shifts
by +pi/2 and −pi/2, respectively, along two correspond-
ing bonds. The two subgraphs are connected by a pair of
bonds yielding a graph with a geometric inversion center.
In addition, there is another phase shift of pi along one of
the two bonds but not the other one. This is the crucial
point: Because of this trick, the total graph is symmetric
with respect to an antiunitary operator T squaring to -1,
T 2 = −1, where
Tψ(x1) = +ψ
∗(x2),
Tψ(x2) = −ψ∗(x1) ; (1)
i.e., if ψ satisfies the Schro¨dinger equation as well as the
vertex conditions, then the same applies to Tψ. Here x1
is a coordinate in subgraph 1, and x2 the corresponding
coordinate (related by inversion) in subgraph 2. Apply-
ing Eq. (1) twice shows T 2 = −1.
A complementary approach shall be given establishing
a direct correspondence between the experiment and a
spin 1/2 system. The wave function in a quantum graph
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FIG. 1. (Color online) (a) Sketch of the graph proposed
in Ref. 21 to study GSE statistics without spin. The four
arrows denote bonds along which additional phases are ac-
quired. (b) Schematic drawing of one of the realized mi-
crowave graphs. Subgraph 1 is highlighted by a gray back-
ground. The dashed lines correspond to phase shifters with
variable lengths. The two subgraphs contain microwave cir-
culators at nodes 7 and 7¯, respectively, with opposite sense of
rotation. The nodes marked by “O” are closed by open end
terminators. They were used to allow for an easy realization of
alternative graphs. Subgraphs 1 and 2 are connected at nodes
0 and 0¯, respectively, to ports P1 (P2) of the VNA. (c) Photo-
graph of the graph sketched in (b) consisting of T junctions,
semirigid cables with identification tags, circulators, open end
terminators, and phase shifters with step motors. Again, sub-
graph 1 is highlighted.
is subject to two constraints, continuity at the vertices
and current conservation. In a microwave graph these
constraints correspond to the well-known Kirchhoff rules
governing electric circuits. They lead to a secular equa-
tion system having a solution only if the determinant of
the corresponding matrix vanishes,
det[h(k)] = 0 (2)
where the matrix elements of h(k) are given by
hij(k) =
{ − ∑
n 6=i
Cin cot(klin) i = j
Cije
−ıϕij [sin(klij)]
−1
i 6= j
(3)
where Cij = 1, if nodes i and j are connected, and Cij =
0, otherwise. lij is the length of the bond connecting
nodes i and j. ϕij is a phase resulting, e. g., from a
vector potential and breaks TRS if present. The equation
holds for Neumann boundary conditions at all nodes, the
situation found in the experiment. Details can be found
in Ref. [25]. The solutions of the determinant condition
(2) generate the spectrum of the graph.
Applied to the graph of Fig. 1, the secular matrix h(k)
may be written as
h = hdis + v (4)
where hdis is the secular matrix for the disconnected sub-
graphs, and v describes the connecting bonds. It is con-
venient to introduce an order of rows and columns ac-
cording to {1, 2, . . . , n; 1¯, 2¯, . . . , n¯}, where the numbers
without a bar refer to the vertices of subgraph 1, and
the numbers with a bar to those of subgraph 2. hdis may
then be written as
hdis =
(
h0 ·
· h∗0
)
(5)
where h0 and h
∗
0 are the secular matrices for each of the
two subgraphs, respectively. Since the only difference
between the subgraphs is the sign of the pi/2 phase shift in
one of the bonds, their secular matrices are just complex
conjugates of each other; see Eq. (3). Assuming for the
sake of simplicity that there is just one pair of bonds
connecting node 1 with node 2¯, and node 1¯ with node 2,
the matrix elements of v are given by
v11 = v22 = v1¯1¯ = v2¯2¯ = − cot(kl) , (6)
v12¯ = v2¯1 = −v21¯ = −v1¯2 = [sin(kl)]−1 , (7)
vij = vi¯j¯ = vij¯ = vi¯j = 0 , otherwise, (8)
where l is the length of the bond connecting 1 with 2¯ and
1¯ with 2. The generalization to a larger number of bond
pairs is straightforward.
Changing now the sequence of rows and columns to
{1, 1¯; 2, 2¯; . . . ;n, n¯}, the resulting 2n × 2n matrix h˜(k)
3may be written in terms of an n×n matrix with quater-
nion matrix elements,
[h˜(k)]nm = [Re(h0)nm + vnm]1− Im(h0)nmτz − vnm¯τy
(9)
where
1 =
(
1 ·
· 1
)
, τz =
( −ı ·
· ı
)
, τy =
( · −1
1 ·
)
(10)
The determinant is not changed by this rearrangement of
rows and columns, det[h(k)] = det[h˜(k)]. The matrix ele-
ments [h˜(k)]nm commute with Cτy, where C denotes the
complex conjugate, and, hence, the whole matrix com-
mutes with T = diag(Cτy . . . , Cτy), where T squares to
-1, T 2 = −1. This is exactly the situation found for
spin 1/2 systems, and just as in such systems, a twofold
Kramers degenerate spectrum is expected showing the
signatures of the GSE provided the system is chaotic;
see e.g. Chap. 2 of Ref. 4.
The requirements defined by Joyner et al. [21] to re-
alize graphs with GSE symmetry pose some challenges.
Since we did not know of a simple way to achieve phase
shifts of ±pi/2 along the bonds, we instead built two ge-
ometrically identical subgraphs but with two circulators
of opposite sense of rotation within the two subgraphs.
A circulator is a T-shaped microwave device introducing
directionality: Microwaves pass from port 1 to port 2,
from port 2 to port 3, and from port 3 to port 1. The re-
sult is the same as with the ±pi/2 shifts: The circulators
break TRS, resulting in identical GUE spectra for the
two disconnected subgraphs but with an opposite sense
of propagation within the respective subgraphs. Again,
the two subgraphs may, thus, be described in terms of a
secular matrix h0 and its complex conjugate h
∗
0, respec-
tively.
The phase difference between the two connecting bonds
is adjustable by means of mechanical phase shifters,
which in reality, however, do not change the phase but
the length. This approach has the shortcoming that for
a given length change ∆l, the phase shift ∆ϕ depends on
frequency ν:
∆ϕ = k∆l =
2piν
c
∆l (11)
where k is the wave number, and c is the vacuum velocity
of light. l = nl0 is the optical length where l0 is the
geometrical length and n = 1.43 the index of refraction
of the dielectric within the coaxial cables.
Figure 1(b) shows the schematic drawing of one re-
alized graph and Fig. 1(c) the photograph of the cor-
responding experimental realization. The bonds of the
graphs were formed by Huber & Suhner EZ-141 coax-
ial semirigid cables with SMA connectors coupled by
T junctions at the nodes. The phase shifters (ATM,
P1507) were equipped with motors to allow for an au-
tomatic stepping. Reflection and transmission measure-
ments were performed with an Agilent 8720ES vector net-
work analyzer (VNA) with the two ports P1 and P2 at
equivalent positions of the two subgraphs. The corre-
sponding reflection and transmission amplitudes will be
denoted in the following by Sij , where i, j = 1, 2 is de-
fined by the port. The operating range of the circulators
(Aerotek I70-1FFF) positioned at nodes 7 and 7¯ extended
from 6 to 12 GHz. Therefore, the analysis of the data was
restricted to this window.
We started by taking a series of measurements for con-
stant ∆l. Figure 2(top) shows the transmission for al-
together 396 ∆l values stacked onto each other between
∆lmin ≈ 0 and ∆lmax = 4.4 cm in a gray scale. The
lines for ∆ϕ = pi and ∆ϕ = 3pi are marked in red and
green, respectively. Next, a variable transformation from
∆l to ∆ϕ was performed using Eq. (11) to obtain the
transmission S12 for constant ∆ϕ. The result is shown
in Fig. 2(bottom).
For a given frequency ν, the maximum ∆ϕ acces-
sible is, according to Eq. (11), given by ∆ϕmax =
(2pi∆lmax/c)ν. The inaccessible regime above this limit
is left white in Fig. 2(bottom). As expected, the pat-
tern is periodic in ∆ϕ with period 2pi. For ∆ϕ = pi
and ∆ϕ = 3pi, the transmission is strongly suppressed.
This is an interference effect: All transmission paths from
P1 to P2 come in pairs, e.g., the paths 07321¯6¯5¯0¯ and
05612¯3¯7¯0¯; see Fig. 1(b). One of these passes through
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FIG. 2. (Top) Transmission |S12|2 in dependence of fre-
quency for constant ∆l in a gray scale, where black corre-
sponds to zero and white to maximal transmission. The mea-
surements for different ∆l are stacked onto each other. (Bot-
tom) The same data but rearranged to constant ∆ϕ.
4FIG. 3. Reflection |S11|2 in dependence of frequency in
a shade plot. The results for different ∆ϕ are stacked onto
each other.
one phase shifter, whereas its partner passes through the
other, and as a result, their lengths differ by ∆l. Depend-
ing on the resulting ∆ϕ, this gives rise to constructive or
destructive interference.
Because of the lack of transmission at ∆ϕ = pi, we pro-
ceeded to analyze the reflection |S11|2. This is shown in
Fig. 3 for a small frequency window and for different ∆ϕ,
again stacked on top of each other in a shaded plot. Each
eigenfrequency shows up as a dip. One clearly observes
the formation of Kramers doublets at the pi line, and
their splitting into singlets when departing from this line.
There is a complete equivalence to the Zeeman splitting
of spin doublets: In the present experiment, the antiu-
nitary symmetry is destroyed when departing from the
pi line, whereas for conventional spin systems, this effect
occurs when applying a magnetic field. This is a clear
confirmation that we were successful in constructing a
graph with antiunitary symmetry T with T 2 = −1. The
distances of the six Kramers doublets seen in Fig. 3 at
the pi line are equal within 20 %. This shows a clear ten-
dency of the levels towards an equal level spacing at the
pi line, one of the fingerprints for a GSE spectrum.
To obtain the complete eigenfrequency spectrum, we
proceeded as follows: Though there are two coupled
channels, they are equivalent to one effective single chan-
nel for ∆ϕ = pi due to symmetry. In this case, the
scattering matrix reduces to a phase factor S = eiϕ =
(1 − iK)/(1 + iK), i.e., ϕ = −2 arctan(K). K may be
written as a sum over resonance poles an/(x−xn), mean-
ing stepwise phase changes at x = xn. By taking the
phase derivative, these steps turn into sharp peaks with
widths limited by absorption (which were discarded in
the argumentation). This allowed for an automatic de-
termination of about 90 % of the eigenvalues. With the
additional information from the spectral level dynamics
(see Fig. 3), the missing ones could be easily identified.
About 10 % of the Kramers doublets split due to exper-
imental imperfections. Whenever this was evident from
the level dynamics, the resulting two resonances were re-
placed by a single one in the middle.
The integrated density of eigenfrequencies may be
written as n(ν) = nWeyl(ν) + nfluc(ν), where the average
part is given by Weyl’s law nWeyl(ν) = (pi/L)(2piν/c),
with L denoting the sum of all bond lengths [25]. The
fluctuating part nfluc(ν) reflects the influence of the pe-
riodic orbits [26]. We determined nfluc(ν) by fitting a
straight line to the experimental integrated density of
eigenfrequencies and subtracting the linear part. A small
number of missing or misidentified resonances showing up
in stepwise changes of nfluc(ν) enabled the final correc-
tion of the spectrum. From the fit, the length was ob-
tained, e. g., L = 2.93 m for the graph shown in Fig. 1(c).
The nearest neighbor spacings s are calculated as the dif-
ference sn = nWeyl(νn+1) − nWeyl(νn) for the individual
graph guaranteeing a mean level spacing 〈s〉 = 1.
Figure 4 shows the resulting distribution of spacings
between neighboring levels in units of the mean level
spacing. To improve the statistics, the results from
eight different graphs were superimposed, leading to 1006
Kramers doublets. The red solid and the green dotted
line correspond to the Wigner prediction for the GSE
pGSE(s) =
218
36pi3
s4 exp
(
− 64
9pi
s2
)
(12)
and the GUE
pGUE(s) =
32
pi2
s2 exp
(
− 4
pi
s2
)
, (13)
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FIG. 4. Spectral nearest neighbor distance distribution
obtained by superimposing the results from eight different
spectra (blue). The dashed red and dotted green lines corre-
spond to GSE and GUE Wigner distributions, respectively;
see Eqs. (12) and (13). The inset shows the spectral rigid-
ity for the same data set (blue), again with random matrix
predictions for the GSE and the GUE in red and green, re-
spectively.
5respectively. The experimental result fits well to the GSE
distribution, and though the statistical evidence as yet is
only moderate, it is clearly at odds with a GUE distri-
bution. The inset of Fig. 4 shows the associated spec-
tral rigidity ∆3(L) [1]. Again, a good agreement with
the GSE random matrix prediction is found. The small
deviations suggest some percents of misidentified levels,
which would have only a minor influence on the nearest
neighbor spacings distribution but would distort long-
range correlations.
It needed half a century after the establishment of ran-
dom matrix theory by Wigner, Dyson, Mehta, and oth-
ers to arrive at the present experimental realization of
the third of the three classical random matrix ensem-
bles. It might be considered surprising that two bonds
between the two subgraphs are already sufficient to turn
the two GUE spectra of the disconnected subgraphs into
a GSE spectrum for the total graph. On the other hand,
the present statistical evidence is not yet sufficient to de-
termine whether more connecting bonds are needed in
order to reduce the minor differences in the level spacing
statistics. Further studies are, thus, required. The de-
pendence of the level dynamics on ∆ϕ offers a promising
research direction due to the interesting feature that all
three classical ensembles are present, namely, the GSE
for ∆ϕ = pi, the GOE for ∆ϕ = 0, and the GUE in
between. However, the most promising future aspect is
undoubtedly that the whole spin 1/2 physics [27] is now
accessible to microwave analogue studies.
This work was funded by the Deutsche Forschungsge-
meinschaft via the individual Grant No. STO 157/16-1
and No. KU 1525/3-1. C. H. J. acknowledges the Lev-
erhulme Trust (Grant No. ECF-2014-448) for financial
support.
[1] M. L. Mehta, Random Matrices, 2nd ed. (Academic
Press, San Diego, 1991).
[2] G. Casati, F. Valz-Gris, and I. Guarnieri, “On the con-
nection between quantization of nonintegrable systems
and statistical theory of spectra,” Lett. Nuovo Cimento
28, 279 (1980).
[3] O. Bohigas, M. J. Giannoni, and C. Schmit, “Character-
ization of chaotic spectra and universality of level fluctu-
ation laws,” Phys. Rev. Lett. 52, 1 (1984).
[4] F. Haake, Quantum Signatures of Chaos, 2nd ed.
(Springer, Berlin, 2001).
[5] H.-J. Sto¨ckmann, Quantum Chaos - An Introduction
(University Press, Cambridge, 1999).
[6] M. V. Berry, “Semiclassical theory of spectral rigidity,”
Proc. R. Soc. A 400, 229 (1985).
[7] M. Sieber and K. Richter, “Correlations between periodic
orbits and their roˆle in spectral statistics,” Phys. Scr.
T90, 128 (2001).
[8] S. Mu¨ller, S. Heusler, A. Altland, P. Braun, and
F. Haake, “Periodic-orbit theory of universal level cor-
relations in quantum chaos,” New J. of Phys. 11, 103025
(2009).
[9] P. So, S. M. Anlage, E. Ott, and R. N. Oerter, “Wave
chaos experiments with and without time reversal sym-
metry: GUE and GOE statistics,” Phys. Rev. Lett. 74,
2662 (1995).
[10] U. Stoffregen, J. Stein, H.-J. Sto¨ckmann, M. Kus´, and
F. Haake, “Microwave billiards with broken time reversal
symmetry,” Phys. Rev. Lett. 74, 2666 (1995).
[11] O. Hul, S. Bauch, P. Pakon˜ski, N. Savytskyy,
K. Z˙yczkowski, and L. Sirko, “Experimental simulation
of quantum graphs by microwave networks,” Phys. Rev.
E 69, 056205 (2004).
[12] H. Alt, H.-D. Gra¨f, T. Guhr, H. L. Harney, R. Hofferbert,
H. Rehfeld, A. Richter, and P. Schardt, “Correlation-
hole method for the spectra of superconducting mi-
crowave billiards,” Phys. Rev. E 55, 6674 (1997).
[13] F. Leyvraz, C. Schmit, and T. H. Seligman, “Anomalous
spectral statistics in a symmetrical billiard,” J. Phys. A
29, L575 (1996).
[14] C. Dembowski, H.-D. Gra¨f, A. Heine, H. Rehfeld,
A. Richter, and C. Schmit, “Gaussian unitary ensemble
statistics in a time-reversal invariant microwave triangu-
lar billiard,” Phys. Rev. E 62, 4516(R) (2000).
[15] R. Scha¨fer, M. Barth, F. Leyvraz, M. Mu¨ller, T. H. Selig-
man, and H.-J. Sto¨ckmann, “Transition from gaussian-
orthogonal to gaussian-unitary ensemble in a microwave
billiard with threefold symmetry,” Phys. Rev. E 66,
016202 (2002).
[16] B. Gutkin, “Dynamical ’breaking’ of time reversal sym-
metry,” J. Phys. A 40, F761 (2007).
[17] B. Dietz, T. Guhr, B. Gutkin, M. Miski-Oglu, and
A. Richter, “Spectral properties and dynamical tunnel-
ing in constant-width billiards,” Phys. Rev. E 90, 022903
(2014).
[18] M. V. Berry and M. Robnik, “Statistics of energy lev-
els without time-reversal symmetry: Aharonov-Bohm
chaotic billards,” J. Phys. A 19, 649 (1986).
[19] F. J. Dyson, “A Brownian-motion model for the eigenval-
ues of a random matrix,” J. Math. Phys. 3, 1191 (1962).
[20] R. Scharf, B. Dietz, M. Kus´, F. Haake, and M. V. Berry,
“Kramer’s degeneracy and quartic level repulsion,” Eu-
rophys. Lett. 5, 383 (1988).
[21] C. H. Joyner, S. Mu¨ller, and M. Sieber, “GSE statistics
without spin,” Europhys. Lett. 107, 50004 (2014).
[22] T. Kottos and U. Smilansky, “Quantum chaos on
graphs,” Phys. Rev. Lett. 79, 4794 (1997).
[23] O. Hul, O. Tymoshchuk, S. Bauch, P. Koch, and
L. Sirko, “Experimental investigation of Wigner’s re-
action matrix for irregular graphs with absorption,” J.
Phys. A 38, 10489 (2005).
[24] M. Allgaier, S. Gehler, S. Barkhofen, H.-J. Sto¨ckmann,
and U. Kuhl, “Spectral properties of microwave graphs
with local absorption,” Phys. Rev. E 89, 022925 (2014).
[25] T. Kottos and U. Smilansky, “Periodic orbit theory
and spectral statistics for quantum graphs,” Ann. Phys.
(N.Y.) 274, 76 (1999).
[26] M. C. Gutzwiller, Chaos in Classical and Quantum Me-
chanics, Interdisciplinary Applied Mathematics Vol. 1
(Springer, New York, 1990).
[27] D. Dubbers and H.-J. Sto¨ckmann, Quantum Physics:
The Bottom-Up Approach (Springer, Berlin Heidelberg,
2013).
